Supplementary Materials: “Confidence Intervals for

Sparse Penalized Regression with Random Designs”

A Basics in variational inequalities and the normal man-

ifold

The tangent cone to S at x is defined as
Ts(x) ={w € R"| H{axr} € S and {7} C R such that xp — z,7 — 0, and (z — z)/7 — w}.

The inner product of any element in Ts(z) and any element in the normal cone Ng(x) is
nonpositive.

Consider a problem of minimizing a objective function F' : R" — R over a closed and
convex feasible set S. The well-known first-order necessary condition is that, if x* € S is a
local solution to this minimization problem and F'is differentiable at z*, then the following

variational inequality holds for x*:
0 € VF(z") + Ng(z*).

If the set S is a polyhedral convex set, then the Euclidean projector Ilg is a piecewise affine
function on R", that coincides with an affine function on each of finitely many n-dimensional
polyhedral convex sets. This family of sets is called the normal manifold (Robinson, 1995)
of S, and each set in this family is called an n-cell. The union of all n-cells in the normal
manifold is R™. Faces of the n-cells are called cells, and the relative interiors of all cells form a
partition of R™. More details can be found in Facchinei and Pang (2003) and Robinson (1992,
1995).

B-differentiability is related to directional differentiability, and it is stronger than direc-
tional differentiability. If df (z¢) is the B-derivative of a function f : R™ — R™ at ¢, then for
each direction h € R™, df (x)(h) is exactly the directional derivative of f at xy. In addition,
B-differentiability requires df (zo)(-) to be a first order approximation of f(z¢ + -) uniformly

in all directions.



Cell | Defining constraints Critical cone | Defining constraints

CY | ti=0, Bi=0 K} ti—Bi =20, t;+p6; =20
Cl | ti=p;, >0 K} ti—pi 20

C? | ti=—0; ;>0 K? ti+ 5 =0

C? | ti=0;, <0 K} ti=—F, t;>0

Ct | ti=—06;, <0 K} ti=0;, t;>0
Colt;i—0;i =20, t;+5=0 K? None

Co | ti=Bi>0, t;+6<0 K} ti=—Pi

Cf | ti—=Bi <0, t;+5;<0 K t; =0, B;=0

CP | ti—B:i <0, ti+5i =0 K} ti = 0Gi

Table 1: Cells in the normal manifold of .S; and the associated critical cones

c; ol o
Yo | A1 Ay Ay Aj
wl Al Al A3 A3
w2 Al A2 A2 Al
Vs | Ay Ay Ay Ay
¢4 A3 A4 A4 A3
vs | A A A Ay
Ve | Ao Ay Ay Ay
U7 | Ae Ay Ay Ay
wS A3 A3 A3 A3

Table 2: Matrix representations of ¢; for j =0,---,8

B Proofs

Proof of Lemma 1. Without loss of generality, suppose (50, B, t) is a local optimal solution
to (9). Since P, (:) is nondecreasing and m is positive, it is obvious that #; = |5;] for all
i=1,---,p. Denote the objective function in (1) by g1(/5o, 5) and the objective function in
(9) by ¢2(Bo, B,t). Then there exists a neighborhood By at (3, §) in RP*!, such that

92(Bo, B, 1) < g2(Bo, B,t)  for each (By, B) € By and t; = |G|, i=1--- ,p.

That is,
91(6075) < gl(/BOaB) for each (/8075) € Bl-

Therefore, (5, 3) is a local optimal solution to (1).
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Piece | Defining constraints

E) | Jti— Bl <1/g(N), [|ti+ 5l <1/9(N)
20 ti — Bil <1/g(N), ti+pBi>1/g(N)
E} ti— B >1/g(N), |ti+ B3| <1/g(N)
E} ti — Bil <1/g(N), ti+ B <—1/g(N)
E} ti— B < —1/9(N), [ti+ B <1/g9(N)
B} ti—B; > 1/g(N), t;+ 58 >1/g(N)
B ti—0; > 1/g(N), t;+ 8 <—1/g(N)
E] ti— B < —1/g(N), t;+ B <—1/g(N)
E} ti— B < —1/9(N), &+ >1/g(N)

Table 3: E?,--- , E? in the plane (3;,t;)

Conversely, suppose (BO, B) is a local optimal solution to (1). Then there exists a neigh-

borhood By at (G, 5) in RP*!, such that

91(Bo, B) < 91(Bo, B)  for each (By, B) € Bo.

Let t; = |3;| for all i = 1,--- , p, then we have

.92(50’6’5) < 92(/60767t) for each (/8075) € BQ and tz = |/61|7 t=1--- y P-

Consequently,

92(307575) < gZ(ﬁOa/Bat) for eaCh (60a6) S 82 and tz 2 |5Z|7 1=1--- y P

Thus, (B0, 3,1) is a local optimal solution to (9).
The second part of Lemma 1 is straightforward and we omit its proof.
OJ
Proof of Lemma 2. According to Assumption 3 and Lemma 1 we know that (BO, B,f) is a
local optimal solution to (9). We will prove that it is also a locally unique optimal solution
by showing that Ly is a global homeomorphism.

From (12), we can write the normal and tangent cones to S at (BO, 8, t) as

NS(BO7B7£> = {O} X N31(517£1> X X NSp<Bp7£p>)

and

Ts(Bo, B,1) = R x T, (B1, 1) x -+ x Ts, (Bp, 1p)-



Let ¢ be as defined in Assumption 3, and let g = E[-2(Y — B, — i BiX;)].  Since
_fO(B(]aB?E) € NS(BO?BN?), we have

Go=0and — (g — 2mp; P (t;) 4+ 2mi;) € Ng, (B;,1;) foreachi=1,---,p. (B.1)
If 3; > 0 for some i = 1,--- ,p, from the definition of S; and (B.1) we have

That is

because t; = |ﬁ~z| — ;. Similarly, if 3; < 0, then
G = P, (t:);
if B; =0, then
According to (21), for each i = 1,--- ,p we have

( ~

{(0,0)} if (8; =0 and |g;| <[Py, (%:)]),
{(Bi,t:) €R2 | B —t; = 0} if (3; =0 and §; = —P; (%)),
Ki=4q {(Bi,t;) eR* | B — t; = 0} if B > 0, (B.2)
{(Bit:) R xRy | B+t =0} if (B =0and g = P, (%)),
| {(Bi,t:) €R* | B +t; = 0} it 5 <0,

and

K=Rx K x---x K,

Next, we give an explicit expression for the affine hull of K. Define two matrices M and

N as follows:

1 0 1 0
M= 10 I, and N = |0 I,
0 I, 0 -1,

Construct a matrix = by first adding the common first column of M and N and then adding
the (i + 1) column of M (N) if the condition in the second or third (fourth or fifth) row of
(B.2) is satisfied. Columns of Z form a basis of the affine hull of K. Note that =/ L= = @,
where () is defined in Assumption 3. From Proposition 2.5 and Theorem 4.3 of Robinson
(1992), Lk is a global homeomorphism. Under Assumption 1(b), it is easy to see that the
partial derivative of fy at (f, B,f) is strong. An application of (Robinson, 1995, Theorem
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3) implies that zy is a locally unique solution to (19), therefore (Bo, B 1) is a locally unique
optimal solution to (9).

O
Proof of Lemma 3. The conclusion follows from an application of (Lu and Budhiraja, 2013,
Theorem 4). We verify the assumptions of the latter theorem as follows. Assumption 1 in Lu
and Budhiraja (2013) holds under Assumptions 1 and 2 of this paper according to equations
(13) and (15). Moreover, Assumption 4(a) in Lu and Budhiraja (2013) is satisfied for the
compact set C under Assumption 4(a) of this paper.

O
Proof of Theorem 1. From the proof of Lemma 3 we know that Assumption 1 in Lu
and Budhiraja (2013) holds. According to Lemma 2, Assumption 2 in Lu and Budhiraja
(2013) holds under Assumptions 1-3 of this paper. Furthermore, Assumption 4(a-b) of this
paper guarantees Assumption 4 in Lu and Budhiraja (2013) to be satisfied. Consequently,
conclusions in this theorem follow from (Lu and Budhiraja, 2013, Theorem 7).

O
Proof of Theorem 2. The convergence results for dllg(zy) and d(fy)s(zy) in Case I
follow from the fact that zy — zy almost surely and the continuity of dIls(-) and d(fn)s().
Moreover, we can prove the following result using similar arguments in the proof of Corollary

3.2 in Lu (2014): there exists a positive real number ¢ such that

| [ox(en)(h) = LB 6 \
i, Frob {“p ] : g<N>} =h (B:3)

which implies that ®y(zy) converges to Lk in probability.

0
Proof of Theorem 3. This theorem can be proved using the same arguments in the proof
of Theorem 3 in Lu et al. (2017).

O
Proof of Lemma 4. To show (48), we use the equation (19) with (13) and (14). With A =0,
by plugging (47) into (13), we have

20 :( Ef)rue’ Btrue’ ttrue) _ fO( Ef)rue’ ﬂtrue’ ttrue)

ﬁ(t)rue + 2E(Y _ 567%6 _ XTBtrue) ﬁé’rue (B4)
— ﬁtrue + QE[(Y _ ﬁérue _ XTBtrue)X] + 2m5t7‘ue — (1 + Qm)ﬂtrue
ttrue o 2mttrue (1 o Qm)ttrue
Rearranging (B.4) proves (48).
U



Proof of Theorem 4. Recall that (8¢, 3t7ue ¢rue) and (J,, 3, 1) are solutions to

_fO(B[)aﬁat) GNS(BMﬁat) and _fN(ﬁmﬁ?t) eNS(ﬁOaﬁat> (B5)

respectively, where
—2E[Y — By — D", BiXi]
Jo(Bo.B.t) = | —2E[(Y — By — 2, BiX:)X] —2mp | - (B.6)
2mt

and
—2N"! sz\;[% — Bo — D 25_1 Bjwij]
fN(BOa B, t) = | —2N! Zf\;[(yz — By — ?:1 5j$ij)xi] —2mpg | . (B~7)
(5, (t:) + 2mt)_y
By Assumption 1’(a-b), fy almost surely converges to fp in the space of continuously
differentiable functions on a neighborhood of (/5{¢, ", ¢t'"“¢). Moreover, by the functional
central limit theorem, the first p + 1 component functions of v N (fn — fo) weakly converge to
the random function Y : R?™! — R with Y/(BErue, giree tirue) ~ N(0,35!). By Assump-
tion 1’(c) and the fact that limy_, V/N); = ¢;, the last p component functions of v N (fn—1fo)
converge to (h;)!_, = (ci%((),tﬁme)x_l.
By the choice of m, the matrix L* defined in (50) is positive definite. This implies
that the normal map Lj. is a global homeomorphism. By (Lu and Budhiraja, 2013, Lemma
1), there exists a neighborhood of fy such that when fy belongs to that neighborhood the

solutions (BO, A, t) and zy are well defined. We can then proceed similarly to the proof of (Lu

and Budhiraja, 2013, Theorem 7) to show that
VN(G*(2n) = G*(25)) = G o (L) (N (0, 51), h),
which is (54).
OJ
Y0
0 of
Let o € R and ¢ € R?. We will simplify the expression of G* o (L%.) (g0, q,0). Consider the

Proof of Theorem 5. Consider the case where h; = 0 for each ¢. Note that >§ =

minimization problem

p
min G2+ B1(E —mL)B+ Y mt? —qfo — q' B,
(5075,t)eK50 B ( P)ﬁ ; i~ @bPo—q B

whose solution satisfies (qo, ¢,0) € L*(Bo, 5,t)+ N~ (5o, 5,t). By the expression of K* in (53),

the above problem can be reduced to

. 2 T T
min 4+ B X6 — — ,
(Bo.B)eRrH1 By + B X8 —qobo—q B



whose solution is given by [y = %qo and [ = %Eilq. The first p + 1 components of

(Lic-) " (g0, ¢, 0) are given by (5qo, (5 + m)X"q), so
10
G*O<L;(*)_1(q07q70) = |? 1 (QO,Q)
0 iyt
2

Furthermore, since X3! is the covariance matrix of the first p + 1 components of the random

vector F(Bre, pirue ¢t e X Y'), we can show that

1 402 0
20 =
0 402%
Therefore,
& o woz - 2 Y lwozm —wvo |7 2 |
o * 9 9 = 9 = 9 .
* " 0 1y ’ 0 o2yl

Furthermore, by modifying the augments in the proof of Theorem 5 in Lu et al. (2017) via
substituting Hy of this paper, we can show (55).
0

Below is a lemma that will be used in the proof of Theorem 6.

Lemma 5. Suppose that Assumptions 1’ (a-c), 2, and 4’ (a-b) hold. Then R converges to R

in probability uniformly on compact sets.

Proof of Lemma 5. This lemma is similar to Lemma 5 in Lu et al. (2017) except for different
expressions of R and R. It can be proved using a similar argument. Let

Sel)2 0 (242 0

(&) and Ty = (®Py(zy)) " v)

T = (L)t .
0 diag(h; )i, 0 diag(h:)7_

Applying Proposition 2 in Lamm et al. (2014), we can check that T converges to T in
probability uniformly on compact sets. Since G* is a full rank matrix, we conclude that R
converges to R in probability uniformly on compact sets.

O
Proof of Theorem 6. By Lemma 5, R; converges to R; in C'(R**! R) in probability

uniformly on compact sets. Let

In = \/N (( Aérue’ Btrue) _ ( érue, 5true)>2
fori=1,---,p+ 1. From (54), Zy converges to R;(Z) in distribution. Then the conclusions
follow from Lemma 4 in Lu et al. (2017) with uy = R; and u = R;.

O



C Example 5: Prostate cancer data

Our method (GIC) SVI-Lasso LDPE JM

Est Ind CI Est Ind CI Est Ind CI Est Ind CI

piruwe | 0.73  [0.44, 1.01] 0.72  [0.42, 1.02] 0.70  [0.47, 0.93] 0.68  [0.03, 1.33]

pirue | 0.28  [0.07, 0.49] 0.29  [0.09, 0.50] 0.28  [0.10, 0.46] 0.26  [-0.22, 0.75]

p&rve | -0.08  [-0.31, 0.15] | -0.07 [-0.33,0.18] | -0.09 [-0.29, 0.11] | -0.14  [-0.66, 0.38]

pgirve | 021  [-0.02,0.45] | 0.21 [-0.02,0.45] | 0.21  [0.01, 0.41] 0.21  [-0.31, 0.73]
[ [
[ [
[ [
[ [

gtrue | 033  [0.05,0.60] | 034 [0.04,0.63] | 0.31 [0.08,054] | 031 [-0.33,0.94]
Btrue | -0.20  [-0.47, 0.06] | -0.18
glrue | 0,05  [-0.30, 0.21] | -0.02
gtrue | 025  [-0.04,0.54] | 0.26

-0.45, 0.09] | -0.20
-0.27, 0.24] | -0.01
-0.04, 0.56] | 0.24

-0.47,0.07] | -0.29  [-1.08, 0.50]
-0.27,0.25] | -0.02  [-0.76, 0.72]
-0.03,0.51] | 0.27  [-0.52, 1.05]

Table 4: Estimates and 95% individual CIs of true regression coefficients in the linear model

for different methods computed from prostate cancer data.

In this real data example, we consider the prostate cancer dataset (Tibshirani, 1996)
and compute the individual confidence intervals of the true regression coefficients with the
confidence level 0.95. We use the same 67 training samples studied in Hastie et al. (2001).
The data are standardized at the beginning of our analysis. For our proposed method, we
use the MCP penalty with the parameter a = 2 and choose the best tuning parameter A by
GIC. Table 4 shows the estimates and confidence intervals of different parameters in the linear
model. By checking whether each confidence interval contains zero or not, we can observe that
our method and the SVI-Lasso method deliver the same inference results. However, compared
with the SVI-Lasso method, the confidence intervals constructed by our proposed method
are shorter in most cases. The results of our proposed method and the results of LDPE are
also comparable. Compared with the other three methods, for this real data example, the

confidence intervals constructed by the JM method are overall wider.

D Example: Inference of the population penalized pa-

rameter
Consider the following true linear model
Y = 2X1+X2+36,

where € ~ AN(0,1). The covariance matrix of (X, X5)? is ¥ where ¥;; = Yy = 1 and
Y19 = Yo = 0.5. If we use the LASSO penalty and choose m = 0, the objective function (9)



in the manuscript is

min (5* — 5)X(6" — B + B+ + 1) b

i=1

Sttz—ﬂz>o, izly"'aP?
tl—{_ﬁl}Oa izlv"'7p7
where §* = (2,1) is the true parameter.

Suppose that A < 3. Let (30,31,52,51,52) = (0,2 — %, 1— %,2 — %, 1-— %) We can check
that fo(Bo, 51, Ba, 1, t2) = (0, =X, =\, A\, M)7. In addition, we have

NS(5~075~1,5~2751,£2) = NR(BO) X N&(Bbﬂ) X N52(5~2752)7

where

St ={(Bi,t)|t1 — B1 = 0,t; + 51 > 0}
Sy = {(Ba, ta)[t2 — B2 > 0,5 + B2 > 0}.

Furthermore, we can check that

Nr(Bo) = {0}, Ns,(B1,11) = Ng, (B2, t2) = {(v1,v2) € Ry = —vs}.

Therefore, we have

—fo(Bo, B, By 1, t2) = (0,0, A, =X, =\)T € Ns(Bo, Br, Ba, 11, ta).

So (Bo, B1, Ba, 11, ty) = (0,2 — %, 1-— %, 2 — %, 1— %) satisfies the variational inequality (17) and

20 :(507617627{{17{2) - fO(BO)Bl)BZ?Eh{{Q)

2\ 2\ 4N 4\
=02+ 21+ 2210y,
02431+ 5.2= 5 1= =)

If A = 3, we can check that (29)3 = —(20)5 = 3, ((20)3, (20)5) € C3, and therefore Ik, G and
(Lx)~! are all piecewise linear functions. In this case, the asymptotical distribution of the
LASSO estimates (BO, B, ﬁg)T is non-normal.

However, if 0 < X\ < 3, we can check that ((z)s, (20)4) ¢ C? U C} and ((20)3, (20)5) ¢
C3 U Cy, and therefore I, G and (Lg)~! are all linear functions. We can check that

1 0 0 0 0 ho
0 1/2 0 1/2 0 hy
Igh)=10 0 1/2 0 1/2 hy |, where h = (hg, hy, ho, hs, hy)' € R?,
0 1/2 0 1/2 0 h3
00 1/2 0 1/2]| | ha
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1/2 0 0 0 0 ho

0 2/3 —1/3 —1/3 —-1/3 | | I
L (h)y=1| 0 -1/3 2/3 —-1/3 —1/3 hy |, where h = (ho, hu, ha, hs, ha)" € R,
0 2/3 —1/3 5/3 —1/3 || hs
0 -1/3 2/3 —1/3 5/3 | | ha |
and
[ 36+ 402/3 0 0 0 0]
0 364+ 7X%/3 18+5A%/3 0 0
S0 = Cov(F(Bo, B, Ba, b1, 12, X, Y)) = 0 18 +5X2/3 36+7A%/3 0 0
0 0 0 0 0
I 0 0 0 00 |

In addition, by Theorem 1, we have
VNLg(zy — 20) = N(0,%).
Therefore,
VN((Bo, B, Bay 1, 12)" — (Bo, B, Ba, 1, £2)") = Tk © (L) ' N (0, ).

By plugging in Iy, (Lx)™! and Xy, we have

Bo Bo 0 9+ \2/3 0 0
\/N( s | =1 & ):»N( 01, 0 1245X2/9 —6—A2/9 )
B B 0 0 —6—A2/9 12+ 5X2/9

where BO, Bl, Bg are the LASSO estimates and Bg, Bl, Bg are the population penalized parame-
ters. When A = 0, the limiting distribution is the same as the distribution of the least squares

estimator.
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